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Matter and Waves II 
Handout 

 
The Wave Function 

From de Broglie’s work we now are able to calculate the wavelength of the wave for 
ordinary matter.  However, we don’t know its actual physical structure, there are only rough 
analogies that may or may not be accurate.  In 1926 Erwin Schrödinger introduced his 
application of wave functions to de Broglie’s wave calculations.  His work revealed two 
seemingly obvious things. 

1. Schrödinger applied the conservation of energy principal to the de Broglie wave in the 
same way we have already applied the conservation of energy to other waves.  
Mathematically, this translates to: E = KE + PE = constant.   

2. Schrödinger also applied a standard wave function from periodic motion that applies to 
waves of all forms including periodic oscillators, like pendulums and springs. The wave 
function is (Ψ) = A sin ((2πx/λ)-ωt) with amplitude being A; displacement being x; time 
being t; the angular velocity equal to ω, and the wavelength being λ. 

The outcome was another similar wave function formula:  E (Ψ)= (KE + PE) (Ψ).  The 
physical significance of the (Ψ) function was not yet known. Through some complex 
mathematics, one can solve for a specific wave function given enough information about the 
atom in question.  When this function is applied to ordinary matter, (Ψ), the wave function 
doesn’t appear to reveal any information.  However, when a few standard wave properties are 
applied, some interesting consistencies begin to develop.  

1. Recall that the energy of a wave is proportional to its amplitude squared, or E ∝ A2. 
2. Light energy (intensity) varies with the amplitude of the electric wave similarly: I ∝ E2.  
3. Light is comprised of photons (particles) and the intensity of the light is directly related 

to the number (n) of the photons emitted: n ∝ I ∝ E2 ∝ A2. 
4. Combining: the number of photons is proportional to the amplitude of the wave squared, 

or n ∝ A2. 
 When this relationship is applied to the electron, the (Ψ) function doesn’t appear to tell us 
anything at all.  However, the square of the wave function, (Ψ)2, the results are more easily 
interpreted. The squared wave function is proportional to the number of electrons that are 
expected to be found in a given volume in at any one point in time, or (Ψ)2 ∝ n.  What came to 
be understood is quite remarkable.  This relationship, (Ψ)2 ∝ n, came to be known as the 
Probability Density Function because it quite literally means just that: the probability that a 
particle will be found in a particular space at a particular time.   
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Schrödinger’s Wave Equation 
 

The Hydrogen Model 
As you might have noticed by now, when a new atomic theory needs to be tested it falls 

to the hydrogen atom to bear out the details.  When Neils Bohr was developing his model of the 
electron orbits, the hydrogen model was the first to be scrutinized. After all, the hydrogen atom 
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is the simplest atom of them all and, therefore, every model must be able to satisfy its most 
minimal requirements.   

By way of review, recall that the Bohr model requires that the electron be found in 
circular orbits at discrete distances from the nucleus.  These orbits corresponded to the integer 
numbers (n).  According to Bohr, since hydrogen has only one electron it would have only a few 
acceptable orbits where we would be sure to find it.  When the Schrödinger wave function was 
solved for the hydrogen atom, the (Ψ)2 function showed infinite probability at any radius from 
the nucleus!  This is quite remarkable.  We expected (from Bohr) to find only a fixed number of 
orbits each with exceedingly high probability that the electron would be found in that space. All 
other locations should have exceedingly low or nonexistent probability, indicating that the 
likelihood of the electron being found there would be very poor. 
 The solution lies in the interpretation of this probability.  When the probability is applied 
to the hydrogen atom, the maximum probability for any electron corresponds to radius equivalent 
to that of the ground state (n=1).  Any other probabilities at other distances from the nucleus will 
be significantly smaller.  This range of probabilities gives rise to a probability distribution curve 
of probability vs. radial distance from the nucleus.  It also gives rise to the visualization of 
electron clouds that represent the three-space volume encompassed by the probability 
distribution. 
 
 
 

 
 
 
 
As a final test to this probability model, Schrödinger applied his function to light in a single 

slit diffraction experiment.  From studies about light, it’s known that when a single slit is placed 
in the path of the light, the waves must force their way through the slit.  This results in a very 
recognizable light pattern that is very well explained by classical physics.  The intensity of the 
light is a function of the interference between the waves as they meet, either in or out of phase at 
the screen.  However, if light is assumed to behave like photons (particles), then the resulting 
patterns on the screen must be explained differently. 

Earlier, it was shown that the amplitude of a wave squared is proportional to the number of 
photons, or n ∝ A2. In a similar way the (Ψ)2  function for the photon is proportional to the 
number of photons that are expected to be found in a given volume in at any one point in time, or 
(Ψ)2 ∝ n.  The pattern of dark and bright bands has two interpretations. 

1. Two or more waves interfere constructively or destructively at the screen. 
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2. The pattern is the result of the variations in the probability of that a photon is found in 

a given position at that time as described by the probability density function.  A 
diagram of this concept is shown below. 

 
 
 
 
 
 
 
 
 The result is that both classical wave physics and quantum wave mechanics predict and 
explain the same result!  Unfortunately, there are still a few concepts that need to be defined to 
completely describe quantum mechanics.  These include tunneling, exclusion and uncertainty. 
 
Tunneling 

In classical physics we say that the position of an object is limited by its potential energy, 
defined as PE = mgh (mass x gravity x height).  A simple example of this is a roller coaster.  We 
all agree that a roller coaster cannot rise to a point higher than the highest initial point of release 
unless additional energy is added to the system.  All the energy that the coaster has is in the form 
of potential energy at its maximum height (assuming that its mass and gravity are constant). If it 
is to rise above it highest point, it would have to somehow gain more energy than it originally 
had.  This violates the Law of Conservation of Energy, which for this case would be stated: PE + 
KE = E = constant.  The maximum potential energy of the existing roller coaster system is 
known as a Potential Energy Barrier.  In quantum mechanics, this barrier can be overcome and 
this phenomenon has far reaching and some extremely useful results.  
 One example is the Scanning Tunneling Microscope, STM.  It works precisely because 
the Schrödinger wave function predicts a small but significant probability for an electron to 
penetrate a Potential Energy Barrier and “appear” on the other side.  In doing so it is said to have 
undergone Quantum Tunneling.  This process can also be applied to certain nuclear decay 
processes that are difficult if not impossible to explain by the laws of classical physics. 
 
Exclusion 

When applying the Schrödinger wave function to any more complex atoms beyond the 
Hydrogen atom things get a little sticky.  Bohr’s model predicts that there are many acceptable 
orbits for each electron in the atom.  However, evidence shows that this does not happen. Why 
don’t more multiple electrons fill the same orbital?  This is precisely the question that Wolfgang 
Pauli explained in 1928.  His work is summarized in Pauli’s Exclusion Principle which states 
simply “No two electrons in a multiple electron atom can occupy the same orbital at the same 
time”.  
 
Uncertainty 

In classical physics two things, precision and accuracy, govern all measurements.  Since 
the precision of our measuring instruments is consistently getting better, we should expect that 
the measurements themselves would be more accurate, excluding human and instrument errors.  
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You see in order to “see” something we need light waves. However, light can only help us see 
things that are on the order of magnitude or larger as the light waves themselves.   

When we want to look at something smaller, we need a smaller “wave” than light.  We 
can use photons or even electrons to “see” subatomic particles.  One problem occurs when this 
photon “hits” the subatomic particle it actually collides with it imparting some momentum and/or 
energy to the particle.  The particle responds by changing its motion or its position.  As a result, 
it is neither in its original position or nor does it have the same energy it originally had before the 
collision. This result is quite interesting.  It is actually saying that when we “look” at something 
small the process of “seeing” it changes it state of being.  In other words, as Werner Heisenberg 
put it, “It is impossible to know simultaneously an object’s exact position and its momentum.”  
We have come to state this mathematically as the following formula where (p) is momentum, (x) 
is position, (h) is Planck’s constant and (π) is also a constant. 

 

 π2
hxp ≥∆∆  

Heisenberg’s Uncertainty Principle 
 
Since energy is also implicated in the Uncertainty Principle we may derive a similar energy 
analogous statement, where (E) is the total energy of the particle and (t) is the time of 
observation. 

 π2
htE ≥∆∆  

Heisenberg’s Uncertainty Principle (energy form) 
 


