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Transcendental Functions II 
Handout 

 
Two of the most important functions in mathematics are the exponential function and its 

inverse function, the logarithmic function. We use these functions to describe the exponential 
growth in biology and economics and radioactive decay in physics, chemistry, and other 
phenomena’s. 
 
Basic Logarithmic Functions 

The inverse of the exponential function f with base b defined by xbxf =)( , where 1≠b , 
0>b , and x is any real number, is the logarithmic function with base b and is denoted by blog . 

The name of the logarithmic function is blog , not just a single letter.  Hence, for 1≠b , 0>b , 
and 0>x , the logarithmic function with base b, denoted by blog , is defined by yxb =log  if and 
only if xby = .  We read yxb =log as “ log base b of x is y.” 
 
Logarithmic and Exponential Forms 
The logarithmic and exponential forms are equivalent – if one is true, then so is the other. Hence, 
we can use the definition of logarithms to switch back and forth between the logarithmic form  

yxb =log  and the exponential form xby = . Note that from the definition above, xblog is the 
exponent to which the base b must be raised to give x.  For example:  

Logarithmic form Exponential form 
01log10 =  1100 =  
38log2 =  823 =  

2
13log9 =  392

1

=       

(Note:     992
1

= ) 
40625.0log 5.0 =  0625.05.0 4 =  

11.0log10 −=  1.010 1 =−  
 
 
Based on the relationship between logarithmic and exponential functions, the following are 
undefined:  

x=5log0   because there is no real number x that makes 50 =x  
t=− 8log 2  because there is no real number t that makes 8)2( =− t  
y=− 4log2  because there is no real number y that makes 42 −=y ,  

m=0log4   because there is no real number m that makes 04 =m . 
 
Logarithmic Base 

Although the logarithmic function is defined for bases 0>b  and 1≠b , the two most 
common bases are 10 and e.  
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Common Logarithms  
The logarithm with base 10 is called the common logarithm and is denoted by omitting 

the base: xx 10loglog = .  Scientific calculators have a special key for this function.  
 

Example 1 
Many calculators have log keys.  Use this key to check the five decimal place 
evaluations of the following 6 expressions: 

30103.05.0log −≈ ,     00000.110log = ,  
17609.115log = ,     00000.01log = ,  

43429.0log ≈e ,     49715.0log ≈π . 
 
Nature Logarithms 

Of all the possible bases b for logarithms, the most convenient choice for scientists is the 
number e.  The logarithm with base e is called the natural logarithm and is denoted by ln: 

xx elogln = . The notation ln is an abbreviation for the Latin name logarithmus naturalis. The 
natural logarithmic function xy ln= is the inverse function of the natural exponential function 

xey = . By definition we have yx =ln if and only if  xey = . Scientific calculators also have a 
special key for this function.  
 

Example 2 
Some calculators have ln keys.  Use this key to check the five decimal place 
evaluations of the following expressions: 

69315.05.0ln −≈ ,    30259.210ln = ,  
70805.215ln = ,    00000.01ln = ,  

00000.1ln =e ,    14473.1ln ≈π . 
 
Other Bases 

To find the logarithms of bases other than 10 and e, we use the change of base formula to 
change from logarithms in one base to logarithms in another base.   Suppose we are given 

xblog and we want to find xalog , we can use the formula: 
b
xx

a

a
b log

loglog =  to express the 

logarithm in terms of the common logarithm (b=10) or the natural logarithm (b=e) and then use 
a calculator. 
 

Example 3 
Use the change of base formula and common or natural logarithms to evaluate:  

(a) 15log4   
(b) 9log 5.0  
 
Solution 

a) 95345.1
4log

15log15log
10

10
4 ≈=   or   95345.1

4log
15log15log4 ≈=

e

e  



Name:_________________________________Date:_____________________Period:_____ 
 

Page 3 of 4 
© 2004 High School Technology Initiative (HSTI) Educational Materials: The ATOM: Applied Math 

 

b) 16992.3
5.0log

9log9log 5.0 −≈=  or  16992.3
5.0ln

9ln9log 5.0 −≈=  

 
Graphs of the Basic Logarithmic Functions 

Logarithmic functions are the inverses of exponential functions. For example if (3, 8) is a 
point on the graph of an exponential function, then (8, 3) would be the corresponding point on 
the graph of the inverse logarithmic function.  Hence the graph of xxg 2log)( = can be obtained 
by reflecting the graph of xxf 2)( = in the line xy = .  Please see below. 

 
The fact that xxf 2)( =  is a very rapidly increasing function for 0>x implies xxg 2log)( =  is a 
very slowly increasing function for 1>x . In fact, the increase in the value of the function is 
most dramatic between 0 and 1.  After x = 1, as x gets larger and larger, the increasing function 
values begin to slow down (the increase get smaller and smaller as x gets larger and larger). 
Notice that since 120 = , we have 01log2 =  and so the x-intercept of the function 

xxg 2log)( = is (1,0).  Hence, the function values are positive for 1>x and negative for 
10 << x .  Notice also that because the x-axis is a horizontal asymptote of xxf 2)( = , the y-axis 

is a vertical asymptote of xxg 2log)( = .  
 
Graphing Logarithmic Functions by Plotting Points 
 

Example 4 
Sketch the graph of xxf 3log)( =  
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Solution 
  The idea is to obtain enough (x,y) ordered pairs to be able to fill in the shape of 
the plot that describes the equation, xxf 3log)( = .  Judicious choices of x values will 
make this task easier.  Since the equation is a function that involves numbers being 
cubed, chose x-values that are powers of 3.  This trick makes it easier to find their 
logarithms.  The table below provides some of the ordered pairs needed to sketch the plot 
of the equation, xxf 3log)( = .  The graph of these data points is provided on the next 
page. 

 

 
 

 Example 5 
Sketch the graph of )1ln()( −= xxg  
 
Solution 
  As in the solution of Example 4, the trick is to pick the x-values and then find 
their logarithms from a calculator.  In this case it is straight forward to start with x = 2 
and increase the value x by 1.  The table below shows some of the ordered pairs and their 
graph is presented below the table. 
 

 

x x3log  
33−  -3 
23−  -2 
13−  -1 

03  0 
13  1 

x )1ln( −x  
2 0 
3 0.69315 
4 1.09861 
5 1.38629 
6 1.60944 
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