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Logarithms and Exponential Functions 
Handout 

 
Logarithms were invented by John Napier to eliminate the tedious calculations involved in 

multiplying, dividing, and taking powers and roots of large numbers that occur in astronomy and 
other sciences.  However, logarithms arise in most technology, science, and engineering 
situations.  Problems associated with exponential growth and decay are very common for 
bioengineers and bio-technicians because logarithms are inverses of exponential functions. 
Logarithms also turn out to be useful in the measurement of the loudness of sounds, the intensity 
of earthquakes, and many other phenomena of immediate interest to technical people.  
 
Exponential Growth and Decay 

Like many topics that technicians, scientists, and engineers deal with, logarithms are 
actually mathematical operations and are usually associated with an equation.  Technicians 
understand that such equations are useful and help people from making mistakes. One example is 
the production of drugs from bacteria.  Not all bacteria are harmful to humans.  Bio-engineers and 
technicians often create liquid environments where bacteria can grow and multiply.  After a 
prescribed time period, the bacteria will have produced a specific amount of a protein that can 
then be removed from the liquid and made into a drug to help prevent or even cure specific 
human diseases.  

One of the many challenges the technician has to deal with is to maintain a specific 
population (number) of bacteria in the liquid even through they are growing, multiplying, and 
dying all the time.  One tool that the technician uses is an equation that predicts the number 
(amount) of bacteria that will be in the liquid at some specific time after the initial seed 
population was placed in the liquid.  Mathematicians usually describe such an exponential growth 
equation in the following way. 
 Let 0y be the amount or number present at the beginning of this growth process, a time 
usually defined as 0=t .  For bacteria, this is usually a large number well over a one million.  
Then, under certain conditions, the amount present at any time (a t value greater than zero) is 
given by the exponential function, teyy λ

0= , where the Greek letter lambda, λ , is the usual 
symbol that is used to represent the rate of change.   (Lambda is a popular Greek letter in 
engineering and science.  It is also the usual symbol to denote a wavelength.)  When 0>λ , the 
function describes growth (e.g. population growth). When 0<λ , the function describes decay 
(e.g. radioactive decay).  For example, if lambda were equal to + 2 bacteria per second, the 
number of bacteria, i.e. bacteria population, would increase by 2 bacteria every second.  If lambda 
were equal to - 4 bacteria/second, the bacteria population would decrease by 4 bacteria every 
second. 
 It may be easier to see how the equation for exponential growth or exponential decay 
works if an actual example with numbers is used.  However, to make sure that you understand 
that technicians often change the letters and symbols used as variables in an exponential equation, 
we will change the letters for the variables in this example.  For the people population example 
discussed in the next paragraph, the symbol 0n  will be used to indicate the initial number of 
people, instead of the symbol, 0y , that was used in the previous paragraph. 
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Population Growth 

The growth in the population of the world is expected to follow an exponential equation.   
If 0n is the initial size of a population experiencing exponential growth, then the number of 
people, the population, at any time is identified by the variable symbol )(tn .  For example, if the 
technician used the symbol n(5), it would represent the a specific number people that exist after 5 
units of time.   The change in population after that 5 units of time would simply be the number of 
people after 5 units of time, )(tn when t =5, minus the number of people to start with, 0n . 

Using these defined variable symbols, the exponential equation becomes tentn λ
0)( = , 

where λ is the relative rate of growth expressed as a fraction of the population.  This equation is 
very easy to use.  The )(tn  symbol is just the symbol for the answer.  The 0n  symbol represents 
the number of people to start with.  The teλ  term is just the number 2.7183 raised to the power 
determined by the multiplication of the lambda value and the time of interest, λ t.  
 
Example of equation setup 

The population of the world in 2000 was 6.1 billion people, and the estimated relative 
population growth was 1.4% per year.  Find a function that models this growth. 
Solution 

Unless other specific information is known, most people will use the exponential 
population growth equation (model) with 0n = 6.1 x 109 people (6.1 billion people) 
and 014.0=λ , (1.4% / 100 = 0.014).  With this in mind, all that needs to be done is to substitute 
the proper numbers into the proper place in the general equation, tentn λ

0)( = . 
 

Example Problem 1 

 The growth of the population of the world is modeled as tetn 014.01.6)( = .  How many 
people will be on the earth in 2005?   
 

Solution 

Please note:  
1. The time value for "t" in the equation is the amount of time that is being modeled and 

is equal to 5 years, or, 2005 -2000. 
2. The lambda value, λ , is the rate of change expressed not as a percent but as a decimal 

number.  Since1.4% per year is the same as 0.014 per year, 014.0=λ . 
3. The starting population, 0n , is equal to 6.1 billion, (6.1 x109) people. 
4. With this information available the equation can be written with the appropriate 

substitutions in mind to get to the specific exponential function 9 0.014( ) 6.1 10 tn t x e=  
and the specific equation: n(5) =  6 x109 e(0.014)(5) . 

5. This equation can go through the following simplifications 
  n(5) =  6 x 109 e(0.07), and 
6. n(5) = 6 x109 (1.0725 ) = (6)(1.0725) x 109  

n(5) = 6.435 x 109 ANSWER There will be 6.435 trillion people in the world in 
2005.   
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Radioactive Decay Half-life 

Radioactive substances decay by spontaneously emitting radiation.  The rate of decay is 
directly proportional to the mass of the substance.  This is also an exponential function and it is 
analogous to population growth, except that the mass of radioactive material decreases.  The 
model, temtm λ−= 0)( , that describes this decay is very similar to the exponential growth model, 

tentn λ
0)( = , used in the population problem in the last section. 

Again, don't be fooled by the change in symbols, but compare the number of symbols and 
their arrangements.  Everything is the same except the sign in the exponent term.  The m(t)  
symbol serves the same role as the n(t) above.  The 0m  has the same meaning as the 0n  in the last 
example and the lambda symbol,λ , still represents a rate of change value, only this time   
λ  is the rate of decay expressed as a proportion of the mass when 0m is the initial mass.  

A technician on a US Navy nuclear powered aircraft carrier emphasizes specific time 
values when describing the decay of a radioactive material.  The half-life, t ½, of a material is the 
time required for half the material to decay.  Thus, in one half-life the amount of material that 
remains is 1/2 of the starting amount and after two half-life periods, only 1/4 ( ½ x ½ ) of the 
original amount of material will be left.  Using a mathematics trick about solving exponential 
equation learned in school, the technician can develop a formula for determining the half-life of a 
radioactive material if the lambda, λ , for that material is already known. 

 As stated above, the model for exponential decay is temtm λ−= 0)( .  The trick is to 
understand that when t=0 the 0 is substituted into the model and the following algebra can be 
done because 0e λ−  also equals 0e  and any number raised to the zero power equals 1.  That is to 
say that 0e  = 1.  Thus:  

temtm λ−= 0)(  
 becomes  0

0(0)m m e λ−=  
or    0(0) (1)m m=  
Or in a verbal format,  since 0m is the amount of radioactive material when t=0,  the amount of 
material after one half life will be  ( ½)( 0m ).   

This very simple idea that if you start with 0m  amount of radioactive material and wait 
one half life, you will only have 1/2 of that starting amount left, thus can be reused in the general 
model equation, temtm λ−= 0)( . 

  2
1

1
2
1 t

e
λ−

•=  

And, remembering that 1/2 can also be typed as 2-1, you can take natural logarithms, the  ln, of 
each side: 

  2
1

ln2ln 1
t

e
λ−

− =                  note that  ( 12
2
1 −= ,  and 2
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1
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Since the equation is now in its logarithmic form, the exponents (-1) and (-λ  )(
2
1t ) can be placed 

in front of the ln terms as coefficients in the equation stated below as: 
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 et ln2ln
2
1λ−=−  

Now it is really simple to solve for 
2
1t  if we remember that the natural logarithm of the number " 

e" is equal to the number 1.  That is to say that ln e =1 and the final solution for 
2
1t  becomes: 

   
λ

2ln

2
1 =t  

This formula, 
λ

2ln

2
1 =t , allows the technician to find the half-life if we know the rate of 

decay, λ , for any material(s) that might be involved in a nuclear reactor  .  These half-lives of 
radioactive elements vary from very long to very short.  Here are some examples. 
 

Element Half-life 

Thorium-232 14.5 billion years 

Uranium-235 4.5 billion years 

Thorium-230 80,000 years 

Plutonium-239 24,360 years 

Carbon-14 5,730 years 

Radium-226 1,600 years 

Cesium-137 30 years 

Strontium-90 28 years 

Polonium-210 140 days 

Thonium-234 25 days 

Iodine-135 8 days 

Radon-222 3.8 days 

Lead-211 3.6 minutes 

Krypton-91 10 seconds 

 

Example 1 
Plot the decay of the following radioisotopes (a) Strontium-90 and (b) Molybdenum-99. 
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Solution 
In general, if 0m is the initial mass of a radioactive substance with half-life 

2
1t , then the 

mass remaining at time t is modeled by the function temtm λ−= 0)( , where 

2
1

2ln
t

=λ .  With 

this knowledge in hand, the decay curve can be developed by determining the m(t) values 
when the time equals 1 half-life period, 2 half-life periods, etc. 

 

(a) Strontium-90 

Radioactive Decay of Strontium-90
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(b) Molybdenum-99 

Radioactive Decay of Molybdenum-99
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Example 2 

Technetium-99 is used to form images of internal organs in the body and is often used to 
determine heart damage.  This nuclide, Tc99 , decays to ground state by gamma emission.  
The rate of decay is 1.16 x 10-1 d/hr.  What is the half-life of this nuclide? 
 
Solution 
Known: hrd /1016.1 1−×=λ  
Unknown: 

2
1t  

Equation: 
λ

2ln

2
1 =t  

Solve: hrt 6
1016.1
2ln

1
2
1 ≈

×
= −  ANSWER: The half-life of Tc-99 is approximately 6 hrs. 

Example 3 (outside class exercise) 
In 1891 Carl Auervon Welsbach (1858-1929) developed a thorium mantle for gas lanterns.  
The mantle of a lantern is the white looking mesh net material that glows when burning 
gas is passed through it.  Today we use mantles in Colman camping lanterns and 
emergency lights that run on propane.  Recently Colman Co. phased out the use of 
thorium mantles and replaced them with yttrium mantles.  These new mantles do not glow 
as brightly as the old thorium mantles, but yttrium is not radioactive and is, therefore, 
safer to use.   
Assuming this thorium mantle had the same mass as the new replacement yttrium mantle, 
how much mantle material was radioactively decayed in 1 half-life of a thorium mantle? 
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Solution 
This is an easy mathematics problem, but you will have to go to a sports store to find out 
how much a yttrium mantle weighs.  You can find mantles in their own packages near 
where the Colman lanterns are sold.  Once you get that value, just divide that mass in half 
and you will know how much of the mantle will be around after 1 half-life.  Good luck 
hunting at the sports store! 

 
Logarithmic Scales 

As suggested at the beginning of this handout, there are many technology related 
applications for logarithms.  Anytime a physical quantity varies over a very large range, it is often 
convenient to take its logarithm in order to have a more manageable set of numbers.  Once this is 
done, a technician, engineer, or scientist will develop a scale that helps put the value of the 
logarithm into perspective with the physical system being studied.  A few examples presented 
below include the pH scale, which measures acidity; the Richter scale, which measures the 
intensity of earthquakes; and the decibel scale, which measures the loudness of sounds. 
 
pH Scale 

Chemists measure the acidity of a solution using a formula proposed by Sorensen in 1909. 
He defined  [ ]+−= HpH log , where [ ]+H  is the concentration of hydrogen ions measured in 
moles per liter or  (M).  He did this to avoid very small numbers and negative exponents.  
 
For example, if [ ] MH 410−+ = , then 4)4()10log( 4 =−−=−= −pH . 
 
Solutions with a pH of 7 are defined as neutral, those with pH < 7 are acidic, and those with pH > 
7 are basic.  Notice that when the pH increases by one unit, [ ]+H  decreases by a factor of 10. 
 
The Richter Scale  

In 1935 the American geologist Charles Richter defined the magnitude M of an earthquake 

to be 
S
IM log= , where I is the intensity of the earthquake (measured by the amplitude of a 

seismograph reading taken 100 km from the epicenter of the earthquake) and S is the intensity of 
a “standard” earthquake (whose amplitude is 1 micron = 410− cm).  

For example, the magnitude of a standard earthquake is 01loglog ===
S
SM . 

 
The Decibel Scale 

According to the Weber-Fechner Law, the psychological sensation of loudness varies with 
the logarithm of the sound intensity.  The intensity level β , measured in decibel (dB), is defined 

as 
0

log10
I
I

=β , where I is the intensity of the source in watts per square meter ( )/ 2mW , and 

212
0 /10 mWI −= is the threshold of hearing measured at a frequency of 1000 hertz. 
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For example, the intensity level of the barely audible reference sound is 

01log10log10
0

0 ===
I
Iβ dB. The table below lists decibel intensity levels for some common 

sounds. 
 

Source of Sound β (dB) Source of Sound β (dB) 

Jet takeoff 140 Heavy traffic 80 

Jackhammer 130 Ordinary traffic 70 

Rock concert 120 Normal conversation 50 

Pain 120 Whisper 30 

Subway 100 Rustling leaves 10-20 

 


