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3. DIFFERENT MODEL TYPES 

It is important for us to fully understand a physical problem before we can select a solution strategy 
for it. Models are convenient tools that enhance our understanding and enable a rapid solution. There 
are different kinds of models that suit better certain problem characteristics and how detailed of a 
solution is needed for the task at hand. Let’s start our discussion with the simplest model types, verbal 
models and mechanical analogies. 

3.1. Verbal models, analogies and maps 

These models are usually the starting point for our understanding of the relevant features of the 
real world. They do not involve complicated mathematical theories or equations. They simply provide 
a simplified picture, oversimplified most of the times, of the reality. 

For example, in the kinetic theory of gases, we use a hard sphere model for simple gaseous 
molecules. This analogy, although too simple, gives us a good idea what kind of behavior we might 
expect from argon gas in a container at low temperatures and pressures. This simplified model also 
enables one to build a quantitative theory that can lead to more complicated models. 

Scale models for various structures such as bridges, buildings, etc. or vehicles such as cars and 
airplanes can be mentioned in this category as well. First, they help us to visualize the actual object. 
Second, they can be used to provide quantitative results about the object’s behavior in certain 
conditions. For example, a model of a tall building can be used to predict its strength in an earthquake 
or in a wind tunnel a model of airplane can be used to predict its structural stability. 

In the same sense, maps and technical drawings can be grouped under this category as well. In 
essence, they also provide a simplified version of a piece of reality. Although the models mentioned in 
this category might give a starting point for a detailed analysis, our concentration will be on models 
that involve mathematical theories and are quantitative in nature. 

3.2. Finite models 

Classical model theory studies infinite models. Infinite models refer here to models that represent a 
continuum in a respective coordinate system. These models are generally represented by algebraic or 
differential equations. For example, consider the following algebraic equation 

naxy =  (3.1) 

For this model to be a well posed model definition, we need to assign values for a and n. Even after 
fixing these two quantities and defining a range of possible values for x like [-1, 1], there are infinite 
possibilities for the value of x in the given range. Hence, these models can also be referred as infinite 
models. 

On the contrary, finite models deal with discrete information. Typical application areas for finite 
models involve data modeling, language modeling and linguistic research. All these applications have 
the common characteristic that they involve discrete quantities like employee names, social security 
numbers and words, etc. as opposed to continuous quantities like temperature, pressure, etc.  

Finite models are heavily used in various computer science applications. These involve database 
technology, compiler design and computational linguistic. However, these applications are usually 
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beyond the common chemical engineering interest. The interested readers are suggested to check 
the respective field for reference sources. 

3.3. Fuzzy logic models 

In traditional logic theory, Boolean logic, the state of a logic variable is represented by 1 or 0.  
Hence, it is inherently discreet. To a simple question like “How are you?” using traditional logic 
variables we can only give one of two responses: good or bad. However, we may want to give 
responses like “very bad” or “very good”, as well. 

Like the multitude of states we can have for our mood, many industrial applications may also have 
many states for their moods. For example, the temperature in a reactor may be “very low”, “low”, 
“normal”, “high”, “very high” or “take-cover-very high”. Fuzzy logic models provides us with 
mathematical tools and methods to capture the vagueness of real world applications. 

These models use the fuzzy set theory formalized by Lotfi Zadeh at the University of California, 
Berkeley in 1965. According to fuzzy set theory the state of a fuzzy logic variable is represented by a 
continuous function between 0 and 1. This function is called the membership function for that fuzzy 
variable.  Let’s try to build a membership function for a reactor’s temperature with five critical states: 
very cold, cold, normal, hot and very hot. First, we will suggest a membership function that resembles 
Boolean logic. 

 

 

 

 

 

 

 

 

 

 

 

Figure 1 Membership functions for reactor temperature that resembles Boolean logic 

According to the above membership function if the reactor temperature is between 100 and 120 °F it 
is labeled with very cold by 100% certainty. There is no degree of coldness for the range where the 
label is very cold. The same observation is valid for the other regions as well.  

The real power of fuzzy logic becomes apparent when the membership functions attempt to 
capture the vagueness in the real world. However, before we proceed let’s make some definitions for 
some terms commonly used in fuzzy set theory. 

100 110 120 130 140 150 160 170 180 190 200
0

0.2

0.4

0.6

0.8

1
very cold cold very hot hot normal 

Membership 
function 

Temperature, °F 



3-3 
 

Universe of discourse 
The range of all possible values that an input to a fuzzy system can take. The universe of 
discourse is usually expressed by U. In our reactor example, U=[100 °F, 200 °F] 

Fuzzy set 
A set that allows its members to have different levels of membership in the interval [0,1] 
according to defined membership function. The fuzzy sets in the reactor example correspond 
to very cold, cold, normal, hot and very hot. 

Support 
Support is the set of all points in the universe of discourse where a fuzzy set has non-zero 
membership values. The rectangular membership function for fuzzy set cold in Figure 1 
suggests support of [120 °F,140 °F] 

Crossover point 
It is the value in the universe of discourse where a certain fuzzy set’s membership function is 
0.5. In the rectangular membership function there no crossover points. 

Fuzzy singleton 
It is a fuzzy set whose support consists of a single point with a membership of unity. 

For illustration purposes, Figure 2 shows other possible membership functions for the fuzzy sets in 
the reactor example. There is no apparent reason for the obvious symmetry in the illustration. Each 
membership could have different functional forms independently from each other. There has to be 
also some operations defined for fuzzy sets so the results of overlapping parts in the graph can be 
calculated. Please also note that the figure below shows only the membership functions for fuzzy sets 
related to one input variable, namely reactor temperature. In a real world example, there would be 
multiple input variables, e.g. concentration, pressure, etc. 

 

 

 

 

 

 

 

 

 

 

 

Figure 2 Membership functions with a triangular form 
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As mentioned earlier, there are certain mathematical operations defined for fuzzy sets. With these 
operations one can combine the membership functions to come up with a value for the corresponding 
input. Let’s investigate these operations in a little bit of detail. 

3.3.1. Fuzzy set operations 

Basic fuzzy set operations are intersection, union and complement. Let's analyze them in detail. 

3.3.1.1. Intersection 

For two fuzzy sets A and B with membership functions µA and µB, respectively, the intersection 
operation is defined as the minimum of the individual membership functions. Figure 3 shows 
graphically how the union operation is performed for fuzzy sets. 

( )BABA µµµ ,min=∩  (3.2) 

 

 

 

 

 

 

 

Figure 3 Intersection operation on fuzzy sets 

3.3.1.2. Union 

For two fuzzy sets A and B with membership functions µA and µB, respectively, the union operation 
is defined as the maximum of the individual membership functions. Figure 4 shows graphically how 
the union operation is performed for fuzzy sets. 

( )BABA µµµ ,max=∩  (3.3) 

 

 

 

 

 

 

Figure 4 Union operation on fuzzy sets 
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3.3.1.3. Complement 

Figure 5 illustrates the relation between the membership functions of a fuzzy set and its 
complement. 

 

 

 

 

 

 

 

Figure 5 Complement of fuzzy sets 

The following equation holds for membership functions of complementary fuzzy sets. 

AA µµ −=1  (3.4) 

3.3.2. Laws of set theory applicable to fuzzy sets 

1. Associativity 

( ) ( )CBACBA ∩∩=∩∩  (3.5) 

( ) ( )CBACBA ∪∪=∪∪  (3.6) 

2. Commutativity 

ABBA ∩=∩  (3.7) 

ABBA ∪=∪  (3.8) 

3. Distributivity 

( ) ( ) ( )CABACBA ∩∪∩=∪∩  (3.9) 

( ) ( ) ( )CABACBA ∪∩∪=∩∪  (3.10) 

4. De Morgan's laws 

ABBA ∩=∩  (3.11) 

ABBA ∪=∪  (3.12) 
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3.3.3. Applications of fuzzy logic 

Fuzzy logic principles are usually used where a well defined mathematical model from first 
principles is not available. In these cases, the process most often rely on heuristic approaches. Fuzzy 
logic provides the means of mathematical methods to define and manipulate these heuristic rules. 

One of the first commercial fuzzy logic applications was in the field of cement kiln control. 
Traditionally, cement kiln control relies on an operator's monitoring the state of the kiln and apply 
approximately 50 heuristic rules. A typical rule is as follows "If the oxygen percentage is rather high 
and the free-lime and kiln- drive torque rate is normal, decrease the flow of gas and slightly reduce 
the fuel rate" {Zadeh 1984 #31}. This successful commercial application is well documented in the 
following reference {Umbers 1980 #32}. 

3.4. Models from first principles 

These models can be generalized as the expression of a physical phenomenon in mathematical 
language. Chapter 4 will concentrate on the formulation of this mathematical language. Then, 
subsequent chapters will discuss various solution techniques.  

These models commonly start from conservation equations for mass, energy and momentum or 
population balances. They also involve various auxiliary equations in the form of constitutive or 
empirical equations that provide relationships for parameters used in the other equations. 

As an example let's analyze the tubular chemical reactor illustrated in Figure 6. As we will discuss 
in the next chapter, a mass balance around the reactor leads to the following equation 

A
A

z r
dz
dCv =  (3.13) 

The reaction rate information comes from an auxiliary equation as 

AA kCr −=  (3.14) 

Finally, the reaction rate constant, k, needs to be found once the temperature of the reaction is 
specified. However, we will pursue it that far. 

 

 

 

 
 

Figure 6 Tubular chemical reactor with first order reaction A → R 

3.5. Statistical models 

Any serious process analysis and modeling task would include a statistical component explicitly or 
implicitly. There are two basic situations where we would consider statistical models. The first one is 
parameter estimation. The second situation involves sampling. 

L 

z 

rA = -kCA vz 
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Estimation of physical constants that are crucial to the success of a mathematical model 
commonly involve statistical models. For example, the determination of the reaction rate constant in 
the previous example is a good place for statistical models to be helpful {Mandel 1984 #22}. 
Generally, in these models the results from experiments are fitted to some expression (a new model) 
to estimate the parameters. In the case of reaction rate constant, k, one such model is the Arrhenius 
equation 

TR
Ek 1ln 





−=  (3.15) 

where E is the activation energy, R is the universal gas constant and T is the temperature. Equation 
3.15 itself is actually not a statistical model. However, statistics provides the tools so the estimated 
reaction rate constant also includes a degree of certainty to carry with it. This certainty will eventually 
translate into the rate of reaction in the tubular chemical reactor model discussed in the previous 
section. 

Let's turn our attention to sampling. Consider a production lot of pills ready to be bottled. We want 
to make sure that the lot meets the FDA specifications. How many of the pills would you sample to 
decide that the lot is acceptable? In this case the statistical nature of the problem is more explicit.  

3.6. Alternative ways of classifying the mathematical models 

There are other ways of classifying mathematical models than the ones discussed previously. 
These classification sometimes important information about the nature of the process they describe. 
Other times the approach used to develop the model or its solution method is emphasized. 
Commonly, the classification becomes one of the opposite pairs that will be discussed below. Let's 
start with the opposite pair "steady-state / unsteady-state". 

3.6.1. Steady-state / unsteady-state models 

When a process' macroscopic properties are time invariant the process is said to be at steady-
state. Equations that define a steady-state process must have the accumulation term equal to zero. 
Please note that at atomic level the process is never at steady-state. There are always reactions 
taking place or components changing state. However, the net result of these changes at he atomic 
level does not amount to observable changes at the macroscopic level. The unsteady-state model of 
a process can be changed to an steady-state version by simply assigning zero to all the derivatives 
with respect to time in the model. 

3.6.2. Linear / non-linear model 

A function f is said to be linear if the following property holds 

( ) ( ) ( )2121 xfxfxxf +=+  (3.16) 

A mathematical model consisted from linear functions and corresponding boundary conditions with 
linear equations is a linear model, all others are non-linear. 

The property depicted by equation 3.16 is also called "superposition principle". With this principle 
one can breakdown a complex linear process into manageable sub-systems and analyze them 
separately. Later, the pieces can be combined to make the final mathematical model applicable to the 
entire process. 
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3.6.3. Lumped / distributed models 

This opposing pair explains the fact about the spatial dependence of the model. The lumped 
models ignore the spatial dependence of processes. They do not incorporate any information about 
the coordinate systems into their structure. 

In reality, there are no processes that are truly invariant with respect to spatial coordinates. Every 
process would have some sort of change as the location varies. However, if the change is small it can 
be ignored for the sake of computational simplicity. Hence, lumped models represent an idealization 
or simplification of the real process.  

In general, if the change along a spatial direction is instantaneous then this spatial direction can be 
safely lumped. However, if the process shows changes along a spatial direction at any one instant, 
then lumping this spatial direction would introduce considerable error into the model for the process. 
An example for the idea is the model presented for the tubular chemical reactor in equation 3.13. 
Here, the change in the radial direction at any instant is assumed to be zero. Therefore, we do not 
have a term involving the r-direction. However, there is a change along the z-direction at any instant. 
Hence, there is a term that involves that direction in the model equation. 

3.6.4. Deterministic / stochastic model 

This pair classifies models according to their approach to the uncertainty in a process. If all the 
parameters and variables in a mathematical model are fixed numbers the model is said to be a 
deterministic model. In such a model, for a set of input conditions there is a corresponding fixed 
outcome and the same outcome is obtained every time the model is solved. 

Some of the physical systems, most notably in the field of molecular dynamics, have an inherent 
uncertainty in them. This uncertainty cannot be captured with deterministic models. What we need is 
stochastic or probabilistic models for processes that are inherently uncertain. In these models, some 
or all of parameters and variables assume values from a distribution connected to a probability 
distribution function. When stochastic models are solved they can give reasonable values for various 
macroscopic observable properties. For example, it is possible to obtain values for liquid-liquid 
diffusion constants from pure stochastic models applied in molecular dynamics. 

  


